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Introduction

The capacity of the Gaussian channel without feedback, subject to a
generalized energy constraint, is determined in [1]. In that work, the
constraint is given in terms of the covariance of the channel noise process.
However, there are many situations where one may wish to determine capacity
subject to a constraint determined by a covariance that is different from that
of the channel noise. Examples are jamming or countermeasures situations, or
when there is insufficient knowledge of the natural environment.

Channels where the covariance of the noi1se is the same as that of the
constraint will be called matched channels; otherwise, we say that the channel
is mismatched (to the constraint). In this paper, the capacity of the mismatched
Gaussian channel is determined. Results for a restricted class of mismatched
channels are given elsewhere [2]. Various special cases of the mismatched
channel have been treated previously [3] - [5].

The results for the mismatched channel differ significantly from those for
the matched channel. A discussion of these differences follows the proof of

the main result.



Definitions and Structure

The channel is defined as in [1]. H] and H2 are real separable Hilbert
spaces with Borel o fields B] and 82 and inner products <tst> and <o
The message process X in H, is represented by a probability uy on (H],B]).
The message is encoded into the transmitted signal A(X) in H2 by a 3]/32-measurab1e
coding function A. To each sample function of the signal process, the channel
adds a sample function from the noise process N, represented by a Gaussian measure
m on (HZ,BZ). The received signal (channel output) is then a sample function
from the_process Y = A(X) + N, represented by the measure My - As usual X and N
are assumed independent, so that uY(B) = uXGuN{(X,Y): A(X) + Y ¢ B} where
WQ“N is product measure. The channel probability Hyy > which has marginal measures
My and My s is a measure on (H] X H2, By X 32) defined by Pyy (C) =
“X@“N {(XY): (X,A(X) + Y)eC}. The average mutual information is then I[uXY],
where I[uXY] z»if it is false that Hyy is absolutely continuous with respect

du
. XY
to “X@“Y (“XY << uX@uY), and otherwise I[uXY] = ~[. Tog [Eﬁr———— (x,y) d”XY (x,y).

o XH, K
The information capacity is then sap I[uXY], where Q is a set of admissible
pairs (uX,A).
For this paper, a covariance operator in a Hilbert space will be defined to be
a symmetric, non-negative, and trace-class bounded linear operator. The constraint
on the transmitted signal process A(X) will be given in terms of a covariance
operator Rw in H2; as is well-known, to every such covariance operator there

corresponds a zero-mean Gaussian measure on (Hz,sz).

When H2 = L2 [0,T] and R is a covariance operator, R can be represented as an

-~

integral operator with kernel R which is a covariance function. There is then a

well-known isomorphism between range (§V2) and the reproducing kernel Hilbert space
of R. All measures considered here will be assumed WLOG to have zero mean. The

capacity will he determined under the following assumptions:



]/2
W
measure Hy, and S is a bounded linear operator with pure point spectrum that does

(A-1) R, =R / (I +5S) R/, where RN is the covariance operator of the noise
not have -1 as a limit point of its point spectrum;

(A-2)  The admissible set Q is the set of all (“X’A) such that

]
J;{ IIR‘;,/2 A(x)]lg duy(X) < P, where P>0 is fixed.
1
1
It will be assumed WLOG [1] that range RN = HZ’ so that R&/Z exists.
-1 IV
/2 2

B

1

Y7

Assumption (A-1) then implies that Rw exists; in fact, that range (RN )==r'ange(Rw ).

. Uz WY M2 o
Thus, theve exists a unitary operator U in H, such that Ry “= R/ (I + S)"7U*, where

N
U* is the adjoint of U.

The class of all zero-mean Gaussiann@asuresuN with covariance operator as
in (A-1) 1nc1udes'a11 those that are mutually absolutely continuous with respect
to e where My is zero-mean Gaussian with covariance Rw[6]. ‘

From the results of [1], one can limit éttention to cases where HA(X) is
Gaussian with covariance operator

Y [Z

Racx) = ®n Tn[RN2 ule Ry ul (2)

where t >0 forn > 1, T Ty < @{up, n > 1} ds ac.o.n. set and (uav)x = <v.,x > u.

When uA(X) has (2) for covariance and is Gaussian then [1]

1,0
I[ny] = ( /2) Zn lTog [] + Tn]- (3)
Moreover,
E R ']/ZA(S)HZ L S 2k L
My W 2 W A(X)"W

. 1 2

-§Tn|1(1+s)/2 TRIE (4)

- G V2 2
Defining X = ¢ [[(I + ) U*un||2, the capacity problem is thus
reduced to maximizi 1 -
NS (72) Trog 11+ X8 (144 )1 (5)

over all sequences (Xﬁ) and c.o.n. sets {v,» n > 1} such that znxi < P

]

where Y, = <Svn, Vp > s N > 1.

The suprem um of (5) subject to the stated constraint is the capacity

and will be denoted as CW(P); the capacity for the matched channel (R, = R

W N)
will be denoted by C,(P).

N



In the case where H2 is infinite-dimensional, 6 will denote lim inf of the
eigenvalues of the operator S satisfying RN = Rz&(I+S)R3&. By assumption (A-1),
8 > -1. {An,nzl} will denote the eigenvalues of S that are strictly less than 6;

of course, this set can be empty. Similarly, {en,nzl} will always denote an o.n.

set of H. elements that are eigenvectors of S corresponding to the eigenvalues

2
{An,nzl}; Sen = Anen, nx1.

Preliminary Results

Lemma 1: Let (Yn), n < M, be any non-decreasing sequence of strictly positive

real numbers. Let (Xn) be any sequence of M real numbers. Fix P>0, and define

M 2
g(M,P,y) = sup 1 (v, + X )/v,-
~ M2 'I
{)f:zlxnip}
K K
Then g(M,P,v)= 1 (¥ v, + P)/(Ky )
~ n=] K
where K < M is the largest integer such that vt P 3-KYK‘ g{M,P,y) is uniquely
‘ 1 ~
attained by (X) such that
K
2 _
X, = (% v; +P)K -y on<K
=0 n > K.
= M . M -1 .
Proof: Define fM: IR" - IR by fM(X) = 1 log [1 + Yo Tn ]. We seek to maximize
; n=1
fM subject to the constraints
M
gly) = % y, - P20

hT(X) = =Yy <0, i=1,.., M

This is a constrained optimization problem with objective function fM which is concave

over the convex set {Z in IRM; L,

function is linear. Thus, any solution to this problem will define a unique

>0, i=1,..,M}. Moreover, each constraint

global maximum for f, [7]. In order that y* be a solution, it is necessary and

sufficient that the following set of equations be satisfied [7]:

1 .
G, tETept 0 Tl | (6)
1



Tk p <o s[hﬂ/I yt-P]=0 (7)

u_yn N 9 n

1 1

-y¥ <0, a;y¥=0, i= 1,..,M (8)
for some set of non-positive real numbers {8, o ,..,aM}.

We first attempt to obtain a solution by setting Ay T ay, T ... T oay = 0.
This requires B(Yi + y?) = -1 fori=1,..,M; thus,

M M -1 M ., M

T y* + zy. = -Mg ', and so y; = (z vyt Zyi)/M -y

1 1 n

for n =1, 2,..,M. This definition of y* and the constraints (8) require that

M M

*
§y1+ %YiiMYn

for n < M; this inequality is satisfied for all n < M if and only if it is satisfied
M
* *
LE -(y1+ yi) for i < M implies g<0, so that ¢ y; = P by
1
constraints (7). Thus, if P + v; > My, an optimum solution is given by
1

for n = M. Also, B

- M
y; = (P + Iy - My.)/M, i<M,
i n i -
1 K
If there exists K<M such that Kyy < P+ Zyy < (K+T1 )y, »
then constraints (6)-(8) are satisfied by choosing g8 = -K[P + Zyi]-],
: 1
a] =d.2= =} G‘K =) O’
K
y* =0, i>K
..i
K
* -1 h
y'i =K [P+§Yn-KYi]’ i <K
_ LS R

a; = -K[P + %Yn] ty K

Thus,

e M 2 5 K

= z
- Ty, + Xy = T (2 )/
{X: IX < P}



K
where K < M is the largest integer such that Z'ﬁ H PR KYK. The supremum is
1
attained by y* as defined above, or for
5 K
Xn=[P+§IIy_i]/K-yn n <K
=0 n>K

Lemma 2: Let (A1>’ 1 < i < K, be @ non-decreasing sequence of strictly

positive real numbers. Suppose that (yn) is a non-decreasing sequence such

J J K
that Iy; > 2x; for all J < K, and let P >0 be such that zy, + P > Kyyg. Define
1 1 1
K K :
fK(y) =1 (P + ZYi)/(KYn)' Then f, (v) i_fK(A) with equality if and only if
~  n=] 1 = -
v; = A; for all i < K.
K
Proof: For any fixed n, afK(y)/ayn is negative, using Zy; + P > Kyy. Thus fK(y)
Al ~
. K K
increases for Y decreasing. One can now assume that Zyn = an. To see this,
1 1
K K
suppose Iy > IA . First assume that there exists p < K such that Yp>'yp 1 and
1 1 -
yp > Ap. Define a sequence (yn ) by fim = W ifn#p, Yp = Yp - €,
K
= mi - , I .= AL ), - ).
e = min (Yp Yp-17 ! (vi = A5) Yo p)
Continuing to form new sequences in this manner, one will eyentually obtain a
J J _ K K
non-decreasing sequence (y_') with zy! > 5y for all J < K, and either Zyﬁ = I
4 IS - 1 T
or else Y)Yy = ... T yé, where p is the Targest integer i such that Yy ? Ai.

" " |
If the Tatter case holds, define a new sequence (yn), with Yy = Yp for 2 < n <K,
" ) ! K " J dJ
while vy = vy = e, e = min (y;-2y, Z{y; - A;)). (y,) is non-decreasing and Iy, > > A
1 1 1
1 (1] " K ¢
If e = vy - Ay the procedure is repeated for (yn) and v, if e = Z(vi - Ai), the
1

n'.

i i
procedure is repeated for (yn) and Yy Continuing in this manner will eyentually
K n K
produce a sequence (y') such that Z v = IA
n ] n 1 n



K K
Assume then that I Yy =T A, If y and ) are not identical, let p < K
1 1 ~ ~ p-1 p-1 P p
be the largest integer such that Yp # Ap; since % Y, 3_21 - and % = % Ay

i < Ap' Let t < p be the largest integer such that Yi > Ags such t must exist.

] [} 1
Define a new sequence (yn) by v, = v, ifn#t,n#p, while Yp T Y .

vg =g - e e =inf O - v v oA fily) < f(y'), since (v -e)ly, *+ &)

p
2 . . .
= Ytyp - e(yp - yt) - e, and Yp 2 Yy This procedure is successively repeated;
1
it will terminate when and only when one obtains a sequence (yn) such that

TN S for all n < K.

Main Results

Theorem 1

(a) Suppose that H, has dimension M<=. The capacity is then

K
K

¢,(P) =(V2) x Tog| X B P K
=1 KT+ 8)

where By < By < .. < Byare the eigenvalues of S, and K is the largest

. K : . . .
integer < M such that 281 + P > K BK. The capacity is attained by
1

a Gaussian HA(X) with covariance operator (2), where u, = Uen and

1
{en, n > 1} are o.n. eigenvectors of S corresponding to the eigenvalues

K
. {251. + P - Ksnlﬁ +8 )K" forn < K, x, = 0 for n > K, and

No other Gaussian HA(X) can attain capacity. The same resulit is obtained

if H2 has dimension L <« and HA(X) is constrained to have support of dimension

M< L.
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(b) Suppose that Hy is infinite-dimensional and that support (”A(X)) is

restricted to have dimension < M < =,

(1) If {An,nz1 is empty, then CN(P) (m/2) log [1 + PM'](I+6)']]. Capacity

can be attained if and only if S has ¢ as an eigenvalue of multiplicity > M.
In this case CW(P) is attained by a Gaussian MA(X) with covariance (2),
where u; = Uei and T, = PM_](1+8)_] for is<M, with {e],..,eM} any o.n. set

in the null space of S.

K

(ii) If KAK.s in + P < Kx for sone K<M, then the capacity is as in (a),
il

K+1
with Bi = Ai, i =1,..,K, and can be similarly attained.

(ii1) Let K = min(L,M), where L > 1 is the number of eigenvalues of S whose value

K
is strictly less than 6, and suppose that P + in > KAK. The capacity is then
]

K
K
1+6 M 1+P+ A.=6
C,(P) = ‘/2;109 [HA} * [7} log 121( )
U y M(1+6)

The capacity can be attained if and only if 6 is an eigenvalue of S with

multiplicity > M-K. The capacity is then achieved by a Gaussian Hax with covariance

K
-1.-1 .
(2), where u, = Ue, and,rn = (%ki + P - Mxn - Ke)(1 + Ay oM for n < K, with
Se = e and { e,} an o.n. set; and with = yv_ and = (P+§A -Ke)M'1(1+e)']
n_ “n°n €120-08 ol g Uy n "n i '

for K+ 1 < n < M, where Svn =g and Vsl oYM is an o.n. set. The sets

{u],..,uK} and {r],..,rK} are uniquely defined for any maximizing Gaussian HACX) "

Proof: (a). From (5),

M 2.-1
i = 1 I3 = 1
LN(P) sup [2 % log [1 + XA ]], where Y, 1+ <Svn, Voo {vn, n<M} is a

c.o.n. set, and the supremum is over all such c.o.n. sets and all (Xﬁ) such that

M
%Xﬁ < P. Since By < By S .. < By are the non-decreasing eigenvalues of S,



J J :
Y+ <Svn,vn>2] =) [1+ Bn] for all J < M and any fixed c.o.n. set
1 1

{vn, n<M}. The expression of CW(P) in (a) and the unique covariance of the
maximizing Gaussian MA(X) both now follow from Lemma 1 and Lemma 2. The same

result holds if dim (H,) = L < < and dim {supp(uA(X))] < M < L, since in this case

2)
S again has M smallest eigenvalues.

(b) - (i). If S > oI, then S-6I does not have M smallest eigenvalues.
However, given any e>0, one can find eigenvalues Y?,..,yﬁ such that o <y: < 0te

for i < M. Using this in (3) one obtains

M
Iuyyl = (1/2) ; lTog [1 + 7]

M 2 er-1 . 2 -1
(1/2) } log [1 + Xn (1 + yn) 1= (1/72) § log [1 + Xn (1 + o+e) 1.
| 1

The expression on the right of the inequality is maximized, over all (Xﬁ) such that

M

) |
TX2 < P, by defining X2 = p/M, n < M. Thus, C,(P)=(1/2)] log [1 + (1 + o+e )™ 1P/M]
i 1

1

M
for all >0, and so CN(P) >(1/2)) log [1 + PM_](l + 9) ']. For the reverse
1

-1/2

inequality, one notes that under tne constraint E IRy

A(X)llg < P, it is
X .

shown in [1] that CN(P) = (M/2) log (1 + P/M). For S = 6l,

-1/2

W A(X)Ilg < P implies

||R[:l1/2 AX) |5 < (1+e)“1||R;J]/.2 A(xmg. Thus, EUXHR

-1/2 /4 -1 - M p
EuxllRN A(X)H2 < (1+8) P, giving CW(P) < [é} log [1 + MTTiﬁji , SO that

c,(P) = (W2) log [1 + vV (146) 711,

If S > ol, with 6 an eigenvalue of multiplicity K, the above argument is
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modified in an obvious way (y? =9 fori=1,..,min (K,M)) to again obtain

¢, (P) = (W2) tog [1 + P (1+6) .

To prove (b-ii), the proof of (a) is repeated after substituting A for By

i< M.
Now suppose that S has K<M strictly negative eigenvalues M oS 2 A
K
and that zx , P> KAK. CW(P) = sup CW(P1’X) wherg
ek (Py5¥)
C,(Py,Vv) = s il ? Tog [1 + X2 (1 +<Sy_, v > )-]]
W 1°— 2 n=1 g n n> n-2° -f
v = {vn, n < M} is any o.n. set, 0 §_P1 < P, and the supremum is over all (Xg)
< 9 i
such that £ X < Py, = X <P Repeating the analysis of (a) and (b-i), one finds that
1 1 %
] J [])\1‘ +P_|+ J

n=1

+(72)(4-K) Yog [ + fpyTeey

J

where J < K is the Targest integer such that = Aot P1'3_JAJ. Since this result holds
1

for any o.n. set {vn, n < M}, it remains only to determine the value of P] that

maximizes Cw(P],g) (a differentiable function of P.I in [0,P]). Differentiating,
one sees that CW(P],y) is increasing with P] so long as

J
1 : .
Since P\ < JAjq - in, the preceding

J
< [IP + (M-K) Zx1 M-K+J) "~
1 1

J
inequality is satisfied so Tong as (M—K+J)XJ+] - %xi < P+ (M-K)e and this is

J

satisfied because P + %Ai > JXJ+1, AJ+] < 6. It follows that CW(P],X) is an
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K K
increasing function of P, for P, < -Xxi * Ky Assuming that Py = -ZA1 T Ky
1 1

K

the maximum of CW(PI,X) is attained uniquely by P, = M'][KP - (M-K)in + (M-K)Ke].
1

1
Using this value of P] in the expression tor CW(P],!), one obtains CW(P) as in
(b-i1i1). The statement on attaining capacity follows from the results of (b-i)

and (b-ii). 0

Theorem 2: Suppose that H2 is infini1te-dimensional, and that dim[supp(uAX)] is
not constrained.

(a) If {a o021} is not empty, and Z(e-xn) < P, then

1 146 1 P l(a-e)
C.(P) =47 + .
WlP) =71 log [mn] 72 -—T_

n s

(b) If {An,nzl} 1s not empty, and P < ) (e-xn), then there exists a largest
n

K

" L + P+ K
integer K such that Zki + P> KAK, and Cw(P) = = 1
|

log

nof—
>
HI~12)
—r

K(1+An)

(c) If {A,>n>1} 1is empty, then C, (P) ?T?iﬁf

(d) In (a), the capacity can be attained if and only if ) (e—xn) = P.
n

It 1s then attained by a Gaussian HAx with covariance operator as in (2),

"1 for all n=1. 1In (b), the capacity

where u = Ue and B (e-kn)(1+xn)
can be attained by a Gaussian Hay with covariance operator (2), where
K
2x1.+P+K
u =Ue_ and 1, =1 - 1 for n<k; 7,20 for n>K. 1In (c),
n n n -
KUI+x ) .
n
the capacity cannot be attained.
Remarks. Theorem 2 has been proved for the case =0 in [2]. Here we shall omit

the detaited proof of Theorem 2 above; given lemmas 3-5 below, the proof of the
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Theorem in [2] can be applied in exactly the same way to prove the present
Theorem 2.
Several errata in [2 ] should be mentioned here. The expression for

i (n<K) in the first line of p. 9 of [2 ] should read:

K
5 = (1 + An)'] [in + P = KA&]/K. The expression for T, on the next-to-last Tine
' 1

-1

of p. 8 should read: = -An(l + An) for n=1. On p. 11, sixth line from

bottom, Pi should be Pl; in the fifth Iine from bottom, C(Pl,K) should read

[—

K

K Yas + P+ K
} 1og |1 ! 1 +
n=1 K(T + An) J

C(Py,K) =

1’ - (P - P]). These are all typing errata and

no| —
~nN

do not atfect the development in [ 2 ].
K

Lemma 3. Suppose that {xn,nzl} is an infinite set, and P>0. Then P + %Xn > KAK

for atl k=1 if and only 1f P > ) (e—An).

n=1
K K
Proof. P + ) (An—e) > K(xK-e) <= P + an 2 KAy the result follows from
1 1

Lemma 3 of [2].

Lemma 4. Suppose that S-oI is strictly negative.

P+ Y(r -6)
1 1+ !
() If P 2 1(o-3y), then Cy(P) = 3 1 tog [1—%] > o [T—e“——] :

The capacity can be attained can be attained if and only if P = ) (e—xn).
n

It is then attained by a Gaussian HAY with covariance operator (2), where

- _ -1
u, = Uen and t, = (e-An)(]+An) for all n=1.

K
(b) 1F P < ] (6-2,) p =L $ g 11770
b) If P < 6-x_), then C (P) = 5 iog |1 where K<~ is the
noo " E 2y R )

K

largest integer such that P + an > KAK. The capacity can be attained by
1



Proof.
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a Gaussian Hax with covariance operator (2), where U, = Uen and

K
JAy £ P K
1

Tn——-—K(W)—‘-] for n<K
T 0 for n>K.

(a). The fact that

P+ ) (X -0)
1+6 m''m

ZCW(P) = n§1 log []+An] L (%)

follows from b-(ii1) ot Theorem 1, letting M -~ = 1n that result. To prove
the reverse inequality, one repeats the proof of part (a) of Lemma 4 1in

[ 2], substituting the RHS of (x) above for the RHs of (%) in (2, p.11].
For this, one uses the fact that

1 M
M Tag v P+ M M [He L (r;-0) + P

1 i i=1
nzl]og M(H}‘nj ] nz]]og

i
"—""-l+)\n} + M |09 1 + M(-l+e)

The result on attaining capacity is proved in exactly the same way as the
corresponding result in [2 ], again after substituting the RHS of (=) above
for the RHS of (%) in [ 2, p.11].

K
ZA1.+P+K

K
(b). CW(P) > %-nzl log 1_]K(]+An) (%)

follows from (b-ii) of Theorem 1. Suppose that CW(P) > RHS(=*). Then by
(5) there exists a c.o.n. set {vn, n>1} and a sequence (Xﬁ) with an

infinite number of non-zero terms (using (b-ii) of Theorem 1) such that

1 -
RHS (%) < 5; Tog [1+ X2(1 + <Sv v >,)7'] o)

with ZXﬁ <P. As )} Xi <« and (1 + <Sv_,v _>) is a bounded sequence,
n n=1 g

M

!

(**%) implies that tor some M<ew, RHS(**x) < %
n=1

log [ + Xﬁ(] + <Svn,vn>2)']].

This contradicts b-(ii) of Theorem 1.
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Lemma 5. If S = o8I, then CW(P) = ETTEET .

Proof. Cw(P) > P(1-+e)'12'] follows from part b-(i) of theorem 1, by Tetting
M > . To prove the reverse inequality, one notes that for the constraint
EuX||R&]/2 A(X) |15 < (1+0)71P, tne capacity (cN[(1+e)“§]) is P(1+e) 127!

-3 ome
[ 1, Theorem 2]. Since E l[RWZ'A(X)llg.s P implies
"
E I\R&]/Z A(X)[lg < (1+e)']P, optimization w.r.t. the former constraint is over
X

a smaller set than w.r.t. the latter constraint; thus Cw(P) < CN[(1+9)']P].

Comparisons of CW(P) and CN(P)

For the finite-dimensional channel, the capacity Cw(P) given in Theorem 1(a)

M K
Tog [1+P/M]) if )8, < 0, or if P + I8y s 0.
T 1

| —

is strictly greater than CN(P) (=
CN(P) < CN(P) if 0< gy <8y The verification is omitted.

For the infinite-dimensional channel, a general statement can be made if

{An,nzl} is empty. Then, CN(P) > CN(P) if 6<0, CW(P) < CN(P) if 6>0, CW(P) = C(P)

N
if 6=0; see Theorem 1 (b-i) and Theorem 2 (c). Note that CN(P) = P/2 for the
uhconstrained channel [1, Theorem 2 ].

If {An,nz1} 1s not empty, then for the unconstrained channel the value of
CW(P) given in Theorem 2(a) is greater than ET?IET" using log x1 > 1-x. This
inequality can also be shown for the value given in Theorem 2(b), proceeding as
in the proof of part (b) of the Theorem in [2]. Thus, for the unconstrained
channel, CW(P) > CN(P) if <0 and {An,nzl} is not empty. A similar result can be

obtained for the constrained channel.
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Discussion.
The mismatched channel differs from the matched channel in several ways.

First, the value of the capacity can be very different, as already seen. Secondly,

the problem of attaining capacity is much more significant. Even in the

finite-dimensional channel the vectors Uyps- must be a specific set of

Uy
vectors, not just any o.n. set. If H2 is infinite-dimensional with
dim[supp(uA(X))] < M, the situation is even worse in (b-iii) of Theorem 1. That
is, capacity can then be attained only if S has zero as an eigenvalue of

multiplicity = M when S < 61, or of multiplicity > M-K when S has K <M strictly

K

negative eigenvalues STEERRE % and P + Exi > KAK. Otherwise, 1n order to
1

approach capacity, one will need to put part of the available “energy" P in

elements (Uen) where (e ) are eigenvectors of S corresponding to successively

n
smaller eigenvalues. In practical applications, this usually corresponds to
eigenfunctions at higher and higher frequencies.

For the infinite-dimensional channel without a constraint on d1m[supp(uAX)J,
again there can be significant differences between CW(P) and CN(P), depending on
{85 Aps n=1}. However, in this case one sees a rather different situation in the

problem of attaining capacity. CN(P) can never be attained; CW(P) can be attained

1f and only if {An,nz1} is not empty and P < X (e-An).
n

It may be noted that the results given in (a) and (b—ii) of Theorem 1 are
similar to those obtained in [4, p. 170], although the developments are quite
different. However, those previous results are given in terms of a constraint
on E||A(X)||§, and assume that the noise variance components can be arranged in
ascending order. This can only be done if the channel is finite-dimensional. In
that case, one can take Rw = I, the identity, and thereby use a true power constraint.
The assumption (A-1) becomes RN =1+ S, and the capacity is as given in (a); this

agrees with the referenced results in [4].
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